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Abstract - Curves with equations (EQT) are widely used to
create surfaces of machine parts in machine manufacture.
They make beautiful surfaces that appeal to consumers.
These surfaces may be free surfaces or may be assembled
surfaces. Helix and spiral curves are very popular
applications in mechanical engineering and architecture.
They not only are the basis for creating threaded surfaces
on machine parts but also create beautiful spiral
staircases. This paper not only presents how to make an
equations and projections of the Hyperboloid spiral, but
also shows its practical applications.

Keywords: Equations: EQT, Hyperboloid
Hyperboloid of one sheet: Hyos.

sprial:  Hys,

I. INTRODUCTION

Curved surfaces and curves are widely used in
engineering. They create very beautiful images on the surface
of machine parts and architectural works. Among them is the
one-sided hyperboloit. Humans have applied a single-sided
hyperboloit to create lots of beautiful towers and structures.
Spiral lines on curved surfaces are also very common in
engineering. Cylindrical spirals and conical helixes for
creating thread surfaces on machine parts. The spiral is also
used to create beautiful spiral stairs. The Hys is applied to
create soft curves in amusement parks. The following are
some applications of the Hyos in shaping devices and
structures in the world.

I.MAKE EQUATION OF THE HYPERBOLOID
SPRIAL

2.1 A geometry Math

Given a point M moving at constant speed on straight line
I. The line | rotates around the line t with a constant angular
velocity. The result will produce 3 following cases.

Case 1: If line t is parallel to line I, the trajectory of point M
will be a cylindrical spiral.

Case 2: If line t intersects line |, then the trajectory of point M
will be a helical cone.
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Case 3: If the two lines t and | are crossed, the Trajectory of
the point M will be a Hys.

Figure 1: Hyperboloid of one sheet

We have: OA=R

Line OA not only is a radius of the smallest circle but also
perpendicular to both line t and line 1.

o is rotation angle.

When a =0 then the first position of point M is the
position of point Ao. Make a coordinate system oxyz:
Ox=0A0, Oz=I

0 is the angle between line t and plane xoy.

When o #0 then point M move in line t.

We have: AM=k o, k=const.

OM = 04 + AM
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Figure 2: Geometry view

Projecting on the x-axis we have:
e T
X = Rcos « +AMcos6cosifix +E)

—x = Rcos « —AMcosfsin 1)

Projecting on the y-axis we have:

T T

Yy = Rsin « +AMCOSHCOSE£‘E— — (o +—)]
2 2
— y = Rsin « +AMcos6fcos x(2)
Projecting on the z-axis we have:
z =0+ AMcosp

— z =AMcosp (3)

@ is the angle between line t and z-axis, 0 is the angle
between line t and plane xoy,so the value of them are constant.
We put cos ¢=b, cosf=c and AM=ka then we have the EQT
of helix-curve of Hyos:

x = Rcos « —kc¢ « sin « 4)
y = Rsin « +kc « cos « (5)
z=kb (6)

2.2 Some special cases

Case 1:
If the line | is parallel to the line t then 6=90°.

Replace this value into equations (1), (2), (3):

x = Rcos «
X = Rcos « (7
y = Rsin « (8)
z = bha 9)
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This is an EQT of helix-sprail of a cylinder.
The EQT of the circle of it’s:

x% +y? = R?
Case 2
If line t intersects line | then OA=R=0.

Replace this value into equations (1), (2), (3):

x = —kc « sin « (10)
y =kc o« cos « ° (12)
z = ba(12)

This is an EQT of helix-sprail of a cone.
The EQT of the circle of it is:

x? +y?=R?=k%c?a® (13)
R = kc x14)

The property of a Hyos surface is its tangent to a fixed
direction at a constant angle. We will prove this property.

Derivative of the equations (4), (5) and (6) we have:
% = —Rsin « —kc « cos « —kcsin «

x = —(R + kc)sin « —kc « cos x(15)

y = Rcos « +kccos < —kc « sin o« (16)

z = kb(17)

x2 = (R + kc)?sin? o« +k?c? o2 cos? o +

2(R + kc)kc « sin o cos x(18)

y2 = (R + kc)2cos? o +k2c? o2 sin? o —

2(R + kc)kc « sin o« cos «(19)

22 = k2b2(20)  (5)? =22 +y2 422 (5)°=(R + ke)? +
k2c? o2+ k2b? (21)

& — R +ko)? + k2cZ o+ k2b2(22)

dec

Define unit tangent vector:

> daMm — d L
t=—= Ml:d—i = Xi+yj+zn (23)

Replace (15), (16), (17) into (23), we have:
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|—(R+kc) sin x—kcoccos <] » |(R+kc) cos x—kcosin ] -
VR+kc)Z+k2cZo2 +h2 +\/(R+kc)2+k2520<2+b2 J

kb =
JR+ke)Z+kZcZoZ+b2

£=

(24)

tJ (R + kc)? + k?c? o2+ b? =[—(R + kc)sin «
—#coccosol +R+rccosx—xcosinoy +kbrz

(25)

h= [—(R + kc)sin o« —kc o cos <]T" + [(R + kc) cos «
—/kcosina +kb 7z (26)

Vector t and vector h are the same direction.

kb is a constant, so the angle between vector h and the z-
axis is a constant. Therefore, the angle between the vector t
and the z axis is also a constant.

Thus equations (4), (5) and (6) are general equations of
helix-sprial of Hyos.

I11. PERPENDICULAR PROJECTIONS OF HYS
3.1 Top view
The projection of a Hys on the XQY plane is:
x = Rcos « —kc « sin o« (27)
y = Rsin < +kc & cos &
The x-axis is the symmetry axis of this curve.
A value of x will give two value of y.

Fig 3 is the top view of Hys

Figure 3: The top view of Hys
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3.2 Left view
The projection of a Hys on the XQY plane is:
y = Rsin o« +kc o« cos « (28)

z=kb x

kca
y = Rsina + kcacosa = R(sina + ——cosa)

R
We set:
kca oo = sing
R~ 9°7 cosQ
— R(sina + sing
y = R(sina cosp cosa)

sinacosg + cosasing
e |

cos@
siniix + )
-»y=R——
cosQ
1
COSQp = ———
J1+tgie
1
cosQp = —
kécca
1+ 2
R

COSPp = —————
¢ VR? + k?c?a?

y = sinffie + @)VR? + k?c?a? (29)

This is the EQT for the sine function.
3.3 Front view
) kca
x = Rcosa — kcasina = R(cosa — Tsma)

kca cosy
T = cotgy =

siny

cosy .
x = R(cosa —— ” sina)

sinycosa — cosysina
->x=R

siny
sinify — a)
Sy =R—= 7/
siny
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siny = ———=
1+ cotg?y
. 1
siny = —
1+k cza
R
. R
Siny = ——=—
VR? + k2c?a?
x = sinify — a)VR? + k?c?a? (30)

This is the EQT for the sine function.

Since its axis is perpendicular to the plane (XOY), so its
front view and left side views are the same.

IV. SOME APPLICATIONS OF HYOS AND HYS

Figure 5: Museum and event vanue, Munich, Germany 2007
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Figure 6: Cathedral of Brazil, 1970

&

Fig 7: Essart-le —Roi, water tower of France
The Killesberg observation tower, Stuttgart, Germany, 2011
Hyperboloid single-sided hand

IVV. CONCLUSION

In mechanical engineering there are two cylindrical and
conical spiral lines. These helical lines to form helical surfaces
are called threads. This article has presented a new spiral. It is
a Hys. It also applies to devices or towers with their surfaces
are Hyos. Some pictures of its application are referenced
above.
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