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Abstract - Let 𝑮 be a simple, finite, non-trivial graph 

with 𝒑 vertices and 𝒒 edges. 𝑽 and 𝑬 be the vertex set 

and edge set of 𝑮 respectively. Let the function 

σ:V→[0,1] defined by 𝝈 𝒗 =
𝜸

𝟏𝟎
, 𝜸 ∈  𝒁𝟒 −  𝟎  and for 

each𝝎𝜸 ∈ 𝑬, the induced function 𝝁 →   𝟎,𝟏  defined 

by 𝝁 𝝎𝜸 =
𝟏

𝟏𝟎
 
𝟑𝝈 𝝎 

𝝈 𝜸 
  where 𝝈 𝝎 ≤ 𝝈 𝜸  such that 

 𝒗𝝈 𝒊 − 𝒗𝝈 𝒋  ≤ 𝟏 and  𝒆𝝁 𝒊 − 𝒆𝝁 𝒋  ≤ 𝟏, where 

𝒗𝝈 𝒌 represents the number of vertices getting the 

label 𝒌 ∈   
𝜸

𝟏𝟎
, 𝜸 ∈ 𝒁𝟒 −  𝟎  and 𝒆𝝁 𝒌 represents the 

number of edges getting the label 𝒌 ∈   
𝜸

𝟏𝟎
, 𝜸 ∈ 𝒁𝟒 −

 𝟎  . Then the function 𝝈is called Fuzzy quotient-3 cordial 

labelling and the graph 𝑮(𝑽, 𝑬) is a fuzzy quotient-3 

cordial graph. Fuzzy quotient -3 cordial labeling on some 

cycle - related graphs are investigated and the works are 

presented in this paper. 

Keywords: Vertex duplication, Edge duplication, Mutual 

duplication, Vertex switching, joint sum, Fuzzy quotient-3 

cordial graph. 

I. INTRODUCTION 

Based on certain conditions, allotting values to vertices or 

edges or both vertices and edges of the graph are called 

labeling of a graph. This technique was introduced by Rosa 

(1967) or Graham & Sloane (1980).  Labeling the graph 

creates a lot of interest and motivation among many 

researchers. Joseph A. Gallian gives a complete survey on the 

graph labeling Motivated by these labelings, we introduced a 

fuzzy quotient-3 cordial labeling and investigate some graph 

families, and proved to be a fuzzy quotient-3 cordial.  

In this paper the Fuzzy quotient-3 cordial labeling on 

some path –related graphs are investigated and proved that the 

graphs are fuzzy quotient-3 cordial. 

 

 

II. DEFINITIONS 

2.1 Duplication of a vertex 

Duplication of a vertex 𝑣𝑘 of a graph 𝐺 produces a new 

graph 𝐷𝑣(𝐺) by adding a new vertex 𝑣′𝑘  in such a way that 

𝑁(𝑣𝑘) = 𝑁(𝑣′𝑘 )[11]. 

2.2 Duplication of an edge 

Duplication of an edge 𝑣𝑖𝑣𝑖+1 of a graph 𝐺 produces a 

new graph 𝐷𝑒(𝐺) by adding a new edge 𝑣′𝑖𝑣′𝑖+1 in such a way 

that 𝑁(𝑣′𝑖) = 𝑁(𝑣𝑖) ∪ {𝑣′𝑖+1} − {𝑣𝑖+1} and 𝑁(𝑣′𝑖+1) =

𝑁(𝑣𝑖+1) ∪ {𝑣′𝑖} − {𝑣𝑖}[12]. 

2.3 Duplication of a vertex by an edge 

Duplication of a vertex 𝑣𝑘 by a new edge 𝑒 = 𝑣′𝑘𝑣″𝑘  in a 

graph 𝐺 produces a new graph 𝐺′ such that 𝑁(𝑣′𝑘 ) ∩

𝑁(𝑣″𝑘) = 𝑣𝑘[11]. 

2.4 Duplication of an edge by a vertex 

Duplication of an edge 𝑒 = 𝑢𝑣 by a new vertex 𝑤 in a 

graph 𝐺 produces a new graph 𝐺′ such that 𝑁 𝑤 =

{𝑢, 𝑣}[12].            

2.5 Mutual duplication of a pair of vertices 

Consider two copies of cycle 𝐶𝑛 . Then the mutual 

duplication of a pair of vertices 𝑣𝑘 and 𝑣′𝑘  respectively from 

each copy of cycle 𝐶𝑛  produces a new graph 𝐺 such that 

𝑁(𝑣𝑘) = 𝑁(𝑣′𝑘 )[13]. 

2.6 Mutual duplication of a pair of edges 

Consider two copies of cycle 𝐶𝑛  and let 𝑒𝑘 = 𝑣𝑘𝑣𝑘+1 be 

an edge in the first copy of 𝐶𝑛  with 𝑒𝑘−1 = 𝑣𝑘−1𝑣𝑘  and 

𝑒𝑘+1 = 𝑣𝑘+1𝑣𝑘+2 be its incident edges. Similarly let 𝑒′𝑘 =

𝑢𝑘𝑢𝑘+1 be an be an edge in the second copy of 𝐶𝑛  with 

𝑒′𝑘−1 = 𝑢𝑘−1𝑢𝑘  and 𝑒′𝑘+1 = 𝑢𝑘+1𝑢𝑘+2 be its incident edges. 

The mutual duplication of a pair of edges 𝑒𝑘 , 𝑒′𝑘  respectively 

from two copies of cycle 𝐶𝑛  produces a new graph 𝐺 in such a 
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way that 𝑁(𝑣𝑘) ∩ 𝑁(𝑢𝑘 ) = {𝑣𝑘−1 , 𝑢𝑘−1} and 𝑁(𝑣𝑘+1) ∩

𝑁(𝑢𝑘+1) = {𝑣𝑘+2 , 𝑢𝑘+2}[13]. 

2.7 Vertex switching 

A vertex switching 𝐺𝑣  of a graph 𝐺 is obtained by taking 

a vertex 𝑣 of 𝐺, removing all edges incident to 𝑣 and adding 

edges joining 𝑣 and adding edges joining 𝑣 to every vetex not 

adjacent to 𝑣 in 𝐺[11]. 

2.8 Joint sum 

Consider two copies of a graph 𝐺 and define a new graph 

known as joint sum is the graph obtained by connecting a 

vertex of first copy with a vertex of second copy by an edge 

[11]. 

2.9 Fuzzy quotient-3 cordial graph 

A simple, finite, non-trivial graph 𝐺 with 𝑝 vertices 

and 𝑞 edges. 𝑉 and 𝐸 be the vertex set and edge set of 𝐺 

respectively. Let the function σ:V→[0,1] defined by 

𝜎 𝑣 =
𝛾

10
, 𝛾 ∈  𝑍4 −  0 and for each 𝜔𝛾 ∈ 𝐸, the induced 

function 𝜇 →   0, 1 defined by 𝜇 𝜔𝛾 =
1

10
 

3𝜎 𝜔 

𝜎 𝛾 
  where 

𝜎 𝜔 ≤ 𝜎 𝛾  such that  𝑣𝜎  𝑖 − 𝑣𝜎 𝑗  ≤ 1 and  

 𝑒𝜇  𝑖 − 𝑒𝜇  𝑗  ≤ 1, where 𝑣𝜎  𝑘  represents the 

number of vertices getting the label 𝑘 ∈   
𝛾

10
, 𝛾 ∈ 𝑍4 −

 0  and 𝑒𝜇  𝑘 represents the number of edges getting the 

label 𝑘 ∈   
𝛾

10
, 𝛾 ∈ 𝑍4 −  0  . Then the function 𝜎is called 

Fuzzy quotient -3 cordial labelling and the graph 𝐺(𝑉, 𝐸) is a 

fuzzy quotient-3 cordial graph [14]. 

III. RESULTS 

Theorem 3.1 A graph Dv C𝜂  admit fuzzy quotient-3 cordial 

labeling. 

Proof: 

Let Dv (C𝜂) be the graph obtained by duplicating an arbitrary 

vertex of 𝐶𝜂 . Let this arbitrary vertex be 𝑥1 and the newly 

added vertex be 𝑥1′.  

𝑉(Dv (C𝜂)) = {𝑥𝜄 : 1 ≤  𝜄 ≤ 𝜂} ∪ {𝑥1′} and 𝐸(Dv (C𝜂)) =

{𝑥𝜄𝑥𝜄+1: 1 ≤  𝜄 ≤ 𝜂 − 1} ∪ {𝑥1𝑥𝜂} ∪ {𝑥1′𝑥2} ∪ {𝑥1′𝑥𝑛}. 𝑝 =

𝜂 + 1 and 𝑞 = 𝜂 + 2. 

To define 𝜎: 𝑉(Dv (Cn)) → [0,1] the following cases are to be 

considered. 

Case 1:𝜂 ≡ 0(𝑚𝑜𝑑 6) 

𝜎(𝑥1′) = 0.1 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 1, 2 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 4, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 0, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

 

Case 2:𝜂 ≡ 1(𝑚𝑜𝑑 6) 

𝜎(𝑥1′) = 0.1 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 4, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 1 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 1, 2 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 1 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 0, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 1 

𝜎(𝑥𝜂) = 0.3 

 

Case 3:𝜂 ≡ 2(𝑚𝑜𝑑 6) 

𝜎(𝑥1′) = 0.2 and the labeling of 𝑥𝑖  for 1 ≤ 𝜄 ≤ 𝜂 − 2is same 

as in Case 2 and 𝜎(𝑥𝜂−1) = 0.3, 𝜎(𝑥𝜂) = 0.1 

Case 4:𝜂 ≡ 3(𝑚𝑜𝑑 6) 

𝜎(𝑥1′) = 0.2 and the labeling of 𝑥𝑖  for 1 ≤ 𝜄 ≤ 𝜂is same as in 

Case 1 

Case 5:𝜂 ≡ 4(𝑚𝑜𝑑 6) 

𝜎(𝑥1′) = 0.2 and the labeling of 𝑥𝑖  for 1 ≤ 𝜄 ≤ 𝜂 − 1is same 

as in Case 1 and 𝜎(𝑥𝜂) = 0.3 

Case 6:𝜂 ≡ 5(𝑚𝑜𝑑 6) 

𝜎(𝑥1′) = 0.3 and the labeling of 𝑥𝑖  for 1 ≤ 𝜄 ≤ 𝜂is same as in 

Case 1 

The following table gives the number of vertices and edges 

which are labelled with 𝑘 ∈ {
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}} 

Table 1: -𝒗𝝁(𝒊) for the graph 𝑫𝒗(𝑪𝒏) 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒗𝝈(𝟎.𝟏) 𝒗𝝈(𝟎.𝟐) 𝒗𝝈(𝟎.𝟑) 

𝜂 ≡ 0(𝑚𝑜𝑑 6) 
𝑝 − 1

3
+ 1 

𝑝 − 1

3
 

𝑝 − 1

3
 

𝜂 ≡ 1,4(𝑚𝑜𝑑 6) 
𝑝 + 1

3
 

𝑝 + 1

3
− 1 

𝑝 + 1

3
 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 
𝑝

3
 

𝑝

3
 

𝑝

3
 

𝜂 ≡ 3(𝑚𝑜𝑑 6) 
𝑝 − 1

3
+ 1 

𝑝 − 1

3
 

𝑝 − 1

3
 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 
𝑝

3
 

𝑝

3
 

𝑝

3
 

Table 2: -𝒆𝝈(𝒊)  for the graph 𝑫𝒗(𝑪𝒏) 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒆𝝁(𝟎.𝟏) 𝒆𝝁(𝟎.𝟐) 𝒆𝝁(𝟎.𝟑) 

𝜂 ≡ 0(𝑚𝑜𝑑 6) 
𝑞 + 1

3
 

𝑞 + 1

3
− 1 

𝑞 + 1

3
 

𝜂 ≡ 1,4(𝑚𝑜𝑑 6) 
𝑞

3
 

𝑞

3
 

𝑞

3
 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 
𝑞 − 1

3
 

𝑞 − 1

3
 

𝑞 − 1

3
+ 1 

𝜂 ≡ 3(𝑚𝑜𝑑 6) 
𝑞 + 1

3
 

𝑞 + 1

3
 

𝑞 + 1

3
− 1 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 
𝑞 − 1

3
 

𝑞 − 1

3
+ 1 

𝑞 − 1

3
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From the above table 1 and 2, we can easily find that the 

conditions of fuzzy quotient - 3 cordial labeling, i.e., |𝑣𝜎 (𝑖) −
𝑣𝜎 (𝑗)| ≤ 1 and |𝑒𝜇 (𝑖) − 𝑒𝜇 (𝑗)| ≤ 1 for 𝑖 ≠ 𝑗, where 𝑖, 𝑗 ∈

{
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}} is satisfied.Hence the duplication of an 

arbitrary vertex of a cycle 𝐶𝑛admits fuzzy quotient - 3 cordial 

labeling. 

Theorem 3.2 The graph 𝐷𝑒(𝐶𝑛) admits fuzzy quotient-3 

cordial labeling. 

Proof: Let 𝐷𝑒(𝐶𝑛) be the graph obtained by duplicating an 

arbitrary edge of 𝐶𝑛 . Without loss of generality let this edge be 

𝑥1𝑥2 and the newly added edge be 𝑥1′𝑥2′.  

𝑉(𝐷𝑒(𝐶𝑛) ) = {𝑥𝜄 : 1 ≤  𝜄 ≤ 𝜂} ∪ {𝑥1′, 𝑥2′} and 𝐸(𝐷𝑒(𝐶𝑛) ) =

{𝑥𝜄𝑥𝜄+1: 1 ≤  𝜄 ≤ 𝜂 − 1} ∪ {𝑥1𝑥𝜂} ∪ {𝑥1′𝑥𝜂 } ∪ {𝑥2′𝑥3}. 𝑝 =

𝜂 + 2 and 𝑞 = 𝜂 + 3. 

To define 𝜎: 𝑉(𝐷𝑒(𝐶𝑛) ) → [0,1] the following cases are to be 

considered. 

Case 1: 𝜂 ≡ 0(𝑚𝑜𝑑 6) 

𝜎(𝑥1′) = 0.1, 𝜎(𝑥2′) = 0.3 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 0, 1 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 3, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 2, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

Case 2:𝜂 ≡ 1,2(𝑚𝑜𝑑 6) 

𝜎(𝑥1′) = 0.3, 𝜎(𝑥2′) = 0.2 and the labeling of 𝑥𝜄  for 1 ≤ 𝜄 ≤

𝜂is same as in Case 1. 

Case 3: 𝜂 ≡ 3(𝑚𝑜𝑑 6) 

𝜎(𝑥1′) = 0.2, 𝜎(𝑥2′) = 0.2 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 1, 2 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 4, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 0, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

Case 4: 𝜂 ≡ 4 𝑚𝑜𝑑 6  

𝜎(𝑥1′) = 0.2, 𝜎(𝑥2′) = 0.2 and the labeling of 𝑥𝑖  for 1 ≤ 𝜄 ≤

𝜂 − 1is same as in Case 3 and 𝜎(𝑥𝜂) = 0.3 

Case 5: 𝜂 ≡ 5(𝑚𝑜𝑑 6) 

𝜎(𝑥1′) = 0.3, 𝜎(𝑥2′) = 0.1 and the labeling of 𝑥𝑖  for 1 ≤ 𝜄 ≤

𝜂is same as in Case 1. 

The following table gives the number of vertices and edges 

which are labelled with 𝑘 ∈ {
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}}. 

Table 3: -𝒗𝝈(𝒊)  for the graph 𝑫𝒆(𝑪𝒏) 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒗𝝈(𝟎.𝟏) 𝒗𝝈(𝟎.𝟐) 𝒗𝝈(𝟎.𝟑) 

𝜂 ≡ 0(𝑚𝑜𝑑 6) 𝑝 + 1

3
 

𝑝 + 1

3
− 1 

𝑝 + 1

3
 

𝜂 ≡ 1,4(𝑚𝑜𝑑 6) 𝑝

3
 

𝑝

3
 

𝑝

3
 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 𝑝 − 1

3
 

𝑝 − 1

3
 

𝑝 − 1

3
+ 1 

𝜂 ≡ 3(𝑚𝑜𝑑 6) 𝑝 + 1

3
 

𝑝 + 1

3
 

𝑝 + 1

3
− 1 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 𝑝 − 1

3
 

𝑝 − 1

3
 

𝑝 − 1

3
+ 1 

Table 4: -𝒆𝝁(𝒊) for the graph 𝑫𝒆(𝑪𝒏) 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒆𝝁(𝟎.𝟏) 𝒆𝝁(𝟎.𝟐) 𝒆𝝁(𝟎.𝟑) 

𝜂 ≡ 0(𝑚𝑜𝑑 6) 𝑞

3
 

𝑞

3
 

𝑞

3
 

𝜂 ≡ 1,4(𝑚𝑜𝑑 6) 𝑞 − 1

3
 

𝑞 − 1

3
 

𝑞 − 1

3
+ 1 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 𝑞 + 1

3
 

𝑞 + 1

3
− 1 

𝑞 + 1

3
 

𝜂 ≡ 3(𝑚𝑜𝑑 6) 𝑞

3
 

𝑞

3
 

𝑞

3
 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 𝑞 + 1

3
 

𝑞 + 1

3
 

𝑞 + 1

3
− 1 

From the above table 3 , we can easily find that the conditions 

of fuzzy quotient - 3 cordial labeling, i.e.,  |𝑣𝜎 (𝑖) − 𝑣𝜎 (𝑗)| ≤

1 and |𝑒𝜇 (𝑖) − 𝑒𝜇 (𝑗)| ≤ 1 for 𝑖 ≠ 𝑗, where 𝑖, 𝑗 ∈ {
𝑟

10
, 𝑟 ∈ 𝑍4 −

{0}} is satisfied. Hence the graph 𝐷𝑒(𝐶𝑛)admits fuzzy quotient 

- 3 cordial labeling. 

Theorem 3.3 The graph obtained by duplication of an 

arbitrary vertex by a new edge in cycle 𝐶𝜂  admits fuzzy 

quotient - 3 cordial labeling, except for 𝜂 ≡ 0(𝑚𝑜𝑑 6). 

Proof: Let 𝐺 be the graph obtained by duplicating an arbitrary 

vertex of 𝐶𝑛  by a new edge. Without loss of generality let this 

vertex be 𝑥1 and the edge be 𝑥′1𝑥″1. 𝑉(𝐺) = {𝑥𝑖 : 1 ≤  𝜄 ≤

𝜂} ∪ {𝑥′1𝑥″1} and 𝐸(𝐺) = {𝑥𝜄𝑥𝜄+1: 1 ≤  𝜄 ≤ 𝜂 − 1} ∪

{𝑥1𝑥 𝜂} ∪ {𝑥′1𝑥″1 , 𝑥′1𝑥1 , 𝑥″1𝑥1}. 

𝑝 = 𝜂 + 2 and𝑞 = 𝜂 + 3. 

To define 𝜎: 𝑉(𝐺) → [0,1] the following cases are to be 

considered. 

 

Case 1:𝜂 ≡ 1,2(𝑚𝑜𝑑 6) 

𝜎(𝑥′1) = 0.1, 𝜎(𝑥″1) = 0.3 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 4, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 1, 2 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 0, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

 

Case 2:𝜂 ≡ 3(𝑚𝑜𝑑 6) 

𝜎(𝑥′1) = 0.1, 𝜎(𝑥″1) = 0.1 𝜎(𝑥1) = 0.3 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 0, 1 𝑚𝑜𝑑 6  2 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 3, 4 𝑚𝑜𝑑 6  2 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 2, 5 𝑚𝑜𝑑 6  2 ≤ 𝜄 ≤ 𝜂 

Case 3:𝜂 ≡ 4(𝑚𝑜𝑑 6) 

𝜎(𝑥′1) = 0.1, 𝜎(𝑥″1) = 0.3, 𝜎(𝑥1) = 0.1 and the labeling of 

𝑥𝑖  for 2 ≤ 𝜄 ≤ 𝜂is same as in Case 2. 

 

Case 4:𝜂 ≡ 4 𝑚𝑜𝑑 6  
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𝜎(𝑥′1) = 0.1, 𝜎(𝑥″1) = 0.3 

The labeling of 𝑥𝑖  for 1 ≤ 𝜄 ≤ 𝜂 − 1is same as in Case 2 and 

𝜎(𝑥 𝜂) = 0.2 

The following table gives the number of vertices and edges 

which are labelled with 𝑘 ∈ {
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}} 

Table 5: -𝒗𝝈(𝒊) for the graph-Duplication of a vertex by an edge 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒗𝝈(𝟎.𝟏) 𝒗𝝈(𝟎.𝟐) 𝒗𝝈(𝟎.𝟑) 

𝜂 ≡ 1(𝑚𝑜𝑑 6) 𝑝

3
 

𝑝

3
 

𝑝

3
 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 𝑝 − 1

3
 

𝑝 − 1

3
+ 1 

𝑝 − 1

3
 

𝜂 ≡ 3(𝑚𝑜𝑑 6) 𝑝 + 1

3
 

𝑝 + 1

3
− 1 

𝑝 + 1

3
 

𝜂 ≡ 4(𝑚𝑜𝑑 6) 𝑝

3
 

𝑝

3
 

𝑝

3
 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 𝑝 − 1

3
 

𝑝 − 1

3
+ 1 

𝑝 − 1

3
 

Table 6: -𝒆𝝁(𝒊) for the graph-Duplication of a vertex by an edge 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒆𝝁(𝟎.𝟏) 𝒆𝝁(𝟎.𝟐) 𝒆𝝁(𝟎.𝟑) 

𝜂 ≡ 1(𝑚𝑜𝑑 6) 𝑞 − 1

3
 

𝑞 − 1

3
+ 1 

𝑞 − 1

3
 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 𝑞 + 1

3
− 1 

𝑞 + 1

3
 

𝑞 + 1

3
 

𝜂 ≡ 3(𝑚𝑜𝑑 6) 𝑞

3
 

𝑞

3
 

𝑞

3
 

𝜂 ≡ 4(𝑚𝑜𝑑 6) 𝑞 − 1

3
+ 1 

𝑞 − 1

3
 

𝑞 − 1

3
 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 𝑞 + 1

3
 

𝑞 + 1

3
− 1 

𝑞 + 1

3
 

From the above table 5 and 6 , we can easily find that the 

conditions of fuzzy quotient - 3 cordial labeling, i.e.,  |𝑣𝜎 (𝑖) −

𝑣𝜎 (𝑗)| ≤ 1 and |𝑒𝜇 (𝑖) − 𝑒𝜇 (𝑗)| ≤ 1 for 𝑖 ≠ 𝑗, where 𝑖, 𝑗 ∈

{
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}} is satisfied. Hence the graph obtained by 

duplication of an arbitrary vertex by a new edge in cycle 

𝐶𝑛admits fuzzy quotient - 3 cordial labeling. 

Theorem 3.4 The graph obtained by duplication of an 

arbitrary edge by a new vertex in cycle 𝐶𝜂  admits fuzzy 

quotient - 3 cordial labeling. 

Proof: 

Let 𝐺 be the graph obtained by duplicating an arbitrary edge 

of 𝐶𝑛  by a new vertex. Without loss of generality let this edge 

be 𝑥1𝑥2 and the vertex be 𝑥′1. 𝑉(𝐺) = {𝑥 𝜄 : 1 ≤  𝜄 ≤ 𝜂} ∪

{𝑥′1} and 

𝐸(𝐺) = {𝑥 𝜄𝑥 𝜄+1: 1 ≤  𝜄 ≤ 𝜂 − 1} ∪ {𝑥 1𝑥 𝜂 } ∪ {𝑥′1𝑥1 , 𝑥′1𝑥2}. 

𝑝 = 𝜂 + 1 and 𝑞 = 𝜂 + 2. 

To define 𝜎: 𝑉(𝐺) → [0,1] the following cases are to be 

considered. 

 

Case 1:𝜂 ≡ 0,3,4,5 𝑚𝑜𝑑 6  

𝜎 𝑥′1 = 0.1 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 0, 1 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 3, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 2, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

 

Case 2:𝜂 ≡ 1(𝑚𝑜𝑑 6) 

𝜎(𝑥′1) = 0.1 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 0, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 2, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 1, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

 

Case 3:𝜂 ≡ 2(𝑚𝑜𝑑 6) 

𝜎(𝑥′1) = 0.1 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 2, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 1 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 0, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 1 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 1, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 1 

𝜎(𝑥𝜂) = 0.2 

The following table gives the number of vertices and edges 

which are labelled with 𝑘 ∈ {
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}} 

Table 7: -𝒗𝝈(𝒊) for the graph-Duplication of a edge by an vertex 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒗𝝈(𝟎.𝟏) 𝒗𝝈(𝟎.𝟐) 𝒗𝝈(𝟎.𝟑) 

𝜂 ≡ 0(𝑚𝑜𝑑 6) 𝑝 − 1

3
+ 1 

𝑝 − 1

3
 

𝑝 − 1

3
 

𝜂 ≡ 1(𝑚𝑜𝑑 6) 𝑝 + 1

3
 

𝑝 + 1

3
− 1 

𝑝 + 1

3
 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 𝑝

3
 

𝑝

3
 

𝑝

3
 

𝜂 ≡ 3(𝑚𝑜𝑑6) 𝑝 − 1

3
+ 1 

𝑝 − 1

3
 

𝑝 − 1

3
 

𝜂 ≡ 4(𝑚𝑜𝑑 6) 𝑝 + 1

3
 

𝑝 + 1

3
 

𝑝 + 1

3
− 1 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 𝑝

3
 

𝑝

3
 

𝑝

3
 

Table 8: -𝒆𝝁(𝒊) for the graph-Duplication of a edge by an vertex 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒆𝝁(𝟎.𝟏) 𝒆𝝁(𝟎.𝟐) 𝒆𝝁(𝟎.𝟑) 

𝜂 ≡ 0(𝑚𝑜𝑑 6) 𝑞 + 1

3
 

𝑞 + 1

3
− 1 

𝑞 + 1

3
 

𝜂 ≡ 1(𝑚𝑜𝑑 6) 𝑞

3
 

𝑞

3
 

𝑞

3
 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 𝑞 − 1

3
 

𝑞 − 1

3
+ 1 

𝑞 − 1

3
 

𝜂 ≡ 3(𝑚𝑜𝑑6) 𝑞 + 1

3
 

𝑞 + 1

3
 

𝑞 + 1

3
− 1 

𝜂 ≡ 4(𝑚𝑜𝑑 6) 𝑞

3
 

𝑞

3
 

𝑞

3
 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 𝑞 − 1

3
+ 1 

𝑞 − 1

3
 

𝑞 − 1

3
 

From the above table 7 and8, we can easily find that the 

conditions of fuzzy quotient - 3 cordial labeling, i.e.,  |𝑣𝜎 (𝑖) −

𝑣𝜎 (𝑗)| ≤ 1 and |𝑒𝜇 (𝑖) − 𝑒𝜇 (𝑗)| ≤ 1 for 𝑖 ≠ 𝑗, where 𝑖, 𝑗 ∈

{
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}} is satisfied. Hence the graph obtained by 
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duplication of an arbitrary edge by a new vertex in cycle 

𝐶𝑛admits fuzzy quotient - 3 cordial labeling. 

Theorem 3.5 The graph obtained by the mutual duplication of 

a pair of vertices in two copies of cycle 𝐶𝜂  admits fuzzy 

quotient - 3 cordial labeling. 

Proof: 

Let 𝐺 be the graph obtained by the mutual duplication of a 

pair of vertices each respectively from each copy of cycle 𝐶𝜂  . 

Without loss of generality assume that the vertex 𝑥1 from the 

first copy of cycle 𝐶𝜂  and the vertex 𝑦1 from the second copy 

of cycle 𝐶𝜂  are mutually duplicated. 

𝑉(𝐺) = {𝑥𝜄 : 1 ≤  𝜄 ≤ 𝜂} ∪ {𝑦𝜄 : 1 ≤  𝜄 ≤ 𝜂} and 𝐸(𝐺) =

{𝑥𝜄𝑥𝜄+1: 1 ≤  𝜄 ≤ 𝜂 − 1} ∪ {𝑥 1𝑥 𝜂} ∪ {𝑦𝜄𝑦𝜄+1: 1 ≤  𝜄 ≤ 𝜂 −

1} ∪ {𝑦1𝑦𝜂} ∪ {𝑥1𝑦2 , 𝑥1𝑦𝜂 , 𝑦1𝑥2, 𝑦1𝑥𝜂}. 

𝑝 = 2𝜂 and 𝑞 = 2𝜂 + 4. 

To define 𝜎: 𝑉(𝐺) → [0,1] the following cases are to be 

considered. 

 

Case 1:𝜂 ≡ 0(𝑚𝑜𝑑 6) 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 2, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 0, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 1, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑦𝜄 = 0.1 𝜄 ≡ 0, 1 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 2 

𝜎 𝑦𝜄 = 0.2 𝜄 ≡ 3, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 2 

𝜎 𝑦𝜄 = 0.3 𝜄 ≡ 2, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 2 

𝜎(𝑦𝜂−1) = 0.1, 𝜎(𝑦𝜂) = 0.3 

 

Case 2:𝜂 ≡ 1(𝑚𝑜𝑑 6) 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 3, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 0, 1 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 2, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎(𝑦1) = 0.1 

𝜎 𝑦𝜄 = 0.1 𝜄 ≡ 0, 5 𝑚𝑜𝑑 6  2 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑦𝜄 = 0.2 𝜄 ≡ 2, 3 𝑚𝑜𝑑 6  2 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑦𝜄 = 0.3 𝜄 ≡ 1, 4 𝑚𝑜𝑑 6  2 ≤ 𝜄 ≤ 𝜂 

 

Case 3:𝜂 ≡ 2 𝑚𝑜𝑑 6  

The labeling of 𝑥𝜄  for 1 ≤ 𝜄 ≤ 𝜂is same as in Case 1. 

The labeling of 𝑦𝜄  for 1 ≤ 𝜄 ≤ 𝜂 − 2 same as in Case 1 and 

𝜎(𝑦𝜂−1) = 0.2, 𝜎(𝑦𝜂) = 0.2 

Case 4:𝜂 ≡ 3(𝑚𝑜𝑑 6) 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 0, 1 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 2 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 3, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 2 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 2, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 2 

𝜎(𝑥𝜂−1) = 0.3, 𝜎(𝑥𝜂) = 0.3 

𝜎 𝑦𝜄 = 0.1 𝜄 ≡ 1, 2 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 2 

𝜎 𝑦𝜄 = 0.2 𝜄 ≡ 4, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 2 

𝜎 𝑦𝜄 = 0.3 𝜄 ≡ 0, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 2 

𝜎(𝑦𝜂−1) = 0.2, 𝜎(𝑦𝜂) = 0.2 

 

Case 5:𝜂 ≡ 4(𝑚𝑜𝑑 6) 

The labeling of 𝑥𝑖  for 1 ≤ 𝜄 ≤ 𝜂 − 4 is same as in Case 4. 

𝜎(𝑥𝜂−3) = 0.2, 𝜎(𝑥𝜂−2) = 0.3, 𝜎(𝑥𝜂−1) = 0.2, 𝜎(𝑥𝜂) = 0.1 

𝜎 𝑦𝜄 = 0.1 𝜄 ≡ 2, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑦𝜄 = 0.2 𝜄 ≡ 0, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑦𝜄 = 0.3 𝜄 ≡ 1, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

 

Case 6:𝜂 ≡ 5(𝑚𝑜𝑑 6) 

The labeling of 𝑥𝜄  for 1 ≤ 𝜄 ≤ 𝜂 − 2 is same as in Case 4. 

𝜎(𝑥𝜂−1) = 0.2, 𝜎(𝑥𝜂) = 0.3 

The labeling of 𝑦𝜄  for 1 ≤ 𝜄 ≤ 𝜂 is same as in Case 5. 

The following table gives the number of vertices and edges 

which are labelled with 𝑘 ∈ {
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}} 

Table 9: -𝒗𝝈(𝒊) for mutual duplication of a pair of vertices intwo 

copies of cycle 𝑪𝒏 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒗𝝈(𝟎.𝟏) 𝒗𝝈(𝟎.𝟐) 𝒗𝝈(𝟎.𝟑) 

𝜂 ≡ 0(𝑚𝑜𝑑 6) 𝑝

3
 

𝑝

3
 

𝑝

3
 

𝜂 ≡ 1(𝑚𝑜𝑑 6) 𝑝 + 1

3
 

𝑝 + 1

3
 

𝑝 + 1

3
− 1 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 𝑝 − 1

3
 

𝑝 − 1

3
+ 1 

𝑝 − 1

3
 

𝜂 ≡ 3𝑚𝑜𝑑6) 𝑝

3
 

𝑝

3
 

𝑝

3
 

𝜂 ≡ 4(𝑚𝑜𝑑 6) 𝑝 + 1

3
 

𝑝 + 1

3
− 1 

𝑝 + 1

3
 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 𝑝 − 1

3
 

𝑝 − 1

3
 

𝑝 − 1

3
+ 1 

Table 10: -𝒆𝝁(𝒊) for mutual duplication of a pair of vertices intwo 

copies of cycle 𝑪𝒏 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒆𝝁(𝟎.𝟏) 𝒆𝝁(𝟎.𝟐) 𝒆𝝁(𝟎.𝟑) 

𝜂 ≡ 0(𝑚𝑜𝑑 6) 𝑞 − 1

3
 

𝑞 − 1

3
 

𝑞 − 1

3
+ 1 

𝜂 ≡ 1(𝑚𝑜𝑑 6) 𝑞

3
 

𝑞

3
 

𝑞

3
 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 𝑞 + 1

3
− 1 

𝑞 + 1

3
 

𝑞 + 1

3
 

𝜂 ≡ 3𝑚𝑜𝑑6) 𝑞 − 1

3
+ 1 

𝑞 − 1

3
 

𝑞 − 1

3
 

𝜂 ≡ 4(𝑚𝑜𝑑 6) 𝑞

3
 

𝑞

3
 

𝑞

3
 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 𝑞 + 1

3
− 1 

𝑞 + 1

3
 

𝑞 + 1

3
 

From the above table 9 and 10 , we can easily find that the 

conditions of fuzzy quotient - 3 cordial labeling, i.e.,  |𝑣𝜎 (𝑖) −

𝑣𝜎 (𝑗)| ≤ 1 and |𝑒𝜇 (𝑖) − 𝑒𝜇 (𝑗)| ≤ 1 for 𝑖 ≠ 𝑗, where 𝑖, 𝑗 ∈

{
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}} is satisfied. Hence the graph obtained by 

the mutual duplication of a pair of vertices in two copies of 

cycle 𝐶𝑛admits fuzzy quotient - 3 cordial labeling. 
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Theorem 3.6 The graph obtained by the mutual duplication of 

a pair of edges in two copies of cycle 𝐶𝜂  admits fuzzy quotient 

- 3 cordial labeling. 

Proof: 

Let 𝐺 be the graph obtained by the mutual duplication of a 

pair of edges each respectively from each copy of cycle 𝐶𝜂 . 

Without loss of generality assume that the edge be 𝑥1𝑥𝑛  from 

the first copy of cycle 𝐶𝑛  and the edge be 𝑦1𝑦𝑛  from the 

second copy of cycle 𝐶𝜂  are mutually duplicated. 

𝑉 𝐺 =  𝑥𝜄 : 1 ≤ 𝜄 ≤ 𝜂 ∪  𝑦𝜄 : 1 ≤  𝜄 ≤ 𝜂  and 𝐸 𝐺 =

 𝑥𝜄𝑥𝜄+1: 1 ≤  𝜄 ≤ 𝜂 − 1 ∪  𝑥1𝑥𝜂 ∪  𝑦𝜄𝑦𝜄+1: 1 ≤  𝜄 ≤ 𝜂 −

1∪𝑦1𝑦 𝜂∪𝑥1𝑦2,𝑥2𝑦1,𝑥𝜂−1𝑦𝜂,𝑥𝜂𝑦𝜂−1. 

𝑝 = 2𝜂 and 𝑞 = 2𝜂 + 4.. To define 𝜎: 𝑉(𝐺) → [0,1] the 

following cases are to be considered. 

 

Case 1:𝜂 ≡ 0(𝑚𝑜𝑑 6) 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 1, 2 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 4, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 0, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑦𝜄 = 0.1 𝜄 ≡ 0, 1 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑦𝜄 = 0.2 𝜄 ≡ 3, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑦𝜄 = 0.3 𝜄 ≡ 2, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

 

Case 2:𝜂 ≡ 1(𝑚𝑜𝑑 6) 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 0, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 1 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 2, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 1 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 1, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 1 

𝜎(𝑥𝜂) = 0.1 

𝜎(𝑦1) = 0.2 

𝜎 𝑦𝜄 = 0.1 𝜄 ≡ 1, 2 𝑚𝑜𝑑 6  2 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑦𝜄 = 0.2 𝜄 ≡ 4, 5 𝑚𝑜𝑑 6  2 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑦𝜄 = 0.3 𝜄 ≡ 0, 3 𝑚𝑜𝑑 6  2 ≤ 𝜄 ≤ 𝜂 

 

Case 3:𝜂 ≡ 2(𝑚𝑜𝑑 6) 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 2, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 0, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 1, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝑦1 = 0.1 and the labeling of 𝑦𝑖 for 2 ≤ 𝜄 ≤ 𝜂 − 1 is same as in 

Case 2 and 𝜎(𝑦𝜂) = 0.2 

 

Case 4:𝜂 ≡ 3(𝑚𝑜𝑑 6) 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 0, 1 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 3, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 2, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

The labeling of 𝑦𝜄  for 1 ≤ 𝜄 ≤ 𝜂 − 2 is same as in Case 1 and 

𝜎(𝑦𝜂−1) = 0.2, 𝜎(𝑦𝜂) = 0.3 

 

Case 5:𝜂 ≡ 4(𝑚𝑜𝑑 6) 

The labeling of 𝑥𝜄  for 1 ≤ 𝜄 ≤ 𝜂 − 1 is same as in Case 4 

𝑦1 = 0.1 and the labeling of 𝑦𝜄  is same as in Case 2 for 

2 ≤ 𝜄 ≤ 𝜂 

 

Case 6:𝜂 ≡ 5(𝑚𝑜𝑑 6) 

The labeling of 𝑥𝜄  for 1 ≤ 𝜄 ≤ 𝜂 − 1 is same as in Case 5 and 

𝜎(𝑥𝜂) = 0.3 

𝑦1 = 0.1 and the labeling of 𝑦𝜄  is same as in Case 2 for 

2 ≤ 𝜄 ≤ 𝜂 

The following table gives the number of vertices and edges 

which are labelled with 𝑘 ∈ {
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}} 

Table 11: - 𝒗𝝈(𝒊) for mutual duplication of a pair of edgesin two 

copies of cycle 𝑪𝒏 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒗𝝈(𝟎.𝟏) 𝒗𝝈(𝟎.𝟐) 𝒗𝝈(𝟎.𝟑) 

𝜂 ≡ 0(𝑚𝑜𝑑 6) 𝑝

3
 

𝑝

3
 

𝑝

3
 

𝜂 ≡ 1(𝑚𝑜𝑑 6) 𝑝 + 1

3
 

𝑝 + 1

3
 

𝑝 + 1

3
− 1 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 𝑝 − 1

3
+ 1 

𝑝 − 1

3
 

𝑝 − 1

3
 

𝜂 ≡ 3𝑚𝑜𝑑6) 𝑝

3
 

𝑝

3
 

𝑝

3
 

𝜂 ≡ 4(𝑚𝑜𝑑 6) 𝑝 + 1

3
 

𝑝 + 1

3
− 1 

𝑝 + 1

3
 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 𝑝 − 1

3
 

𝑝 − 1

3
+ 1 

𝑝 − 1

3
 

Table 12: - 𝒆𝝁(𝒊) for mutual duplication of a pair of edgesin two 

copies of cycle 𝑪𝒏 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒆𝝁(𝟎.𝟏) 𝒆𝝁(𝟎.𝟐) 𝒆𝝁(𝟎.𝟑) 

𝜂 ≡ 0(𝑚𝑜𝑑 6) 𝑞 − 1

3
 

𝑞 − 1

3
 

𝑞 − 1

3
+ 1 

𝜂 ≡ 1(𝑚𝑜𝑑 6) 𝑞

3
 

𝑞

3
 

𝑞

3
 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 𝑞 + 1

3
 

𝑞 + 1

3
 

𝑞 + 1

3
− 1 

𝜂 ≡ 3𝑚𝑜𝑑6) 𝑞 − 1

3
 

𝑞 − 1

3
+ 1 

𝑞 − 1

3
 

𝜂 ≡ 4(𝑚𝑜𝑑 6) 𝑞

3
 

𝑞

3
 

𝑞

3
 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 𝑞 + 1

3
− 1 

𝑞 + 1

3
 

𝑞 + 1

3
 

From the above table 11 and 12 , we can easily find that the 

conditions of fuzzy quotient - 3 cordial labeling, i.e.,  |𝑣𝜎 (𝑖) −

𝑣𝜎 (𝑗)| ≤ 1 and |𝑒𝜇 (𝑖) − 𝑒𝜇 (𝑗)| ≤ 1 for 𝑖 ≠ 𝑗, where 𝑖, 𝑗 ∈

{
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}} is satisfied. Hence the graph obtained by 

the mutual duplication of a pair of edges in two copies of 

cycle 𝐶𝑛admits fuzzy quotient - 3 cordial labeling. 

Theorem 3.7 Vertex switching of cycle 𝐶𝜂  admits fuzzy 

quotient-3 cordial labeling. 

Proof: 

Let 𝑥𝜄 : 1 ≤  𝜄 ≤ 𝜂 be the vertices of the cycle 𝐶𝜂  and 𝐺 be the 

graph obtained by switching the vertex 𝑥1 of 𝐶𝑛 . 

𝑉(𝐺) = {𝑥𝜄 : 1 ≤  𝜄 ≤ 𝜂} and 𝐸(𝐺) = {𝑥𝜄𝑥𝜄+1: 2 ≤  𝜄 ≤ 𝜂 −

1} ∪ {𝑥1𝑥𝜄 : 3 ≤  𝜄 ≤ 𝜂 − 1}. 
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𝑝 = 𝑛 and 𝑞 = 2𝜂 − 5. 

To define 𝜎: 𝑉(𝐺) → [0,1] the following cases are to be 

considered. 

 

Case 1:𝜂 ≡ 0,2,5(𝑚𝑜𝑑 6) 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 2, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 0, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 1, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

 

Case 2:𝜂 ≡ 1(𝑚𝑜𝑑 6) 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 0, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 1 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 2, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 1 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 1, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 − 1 

𝜎(𝑥𝜂) = 0.2 

 

Case 3:𝜂 ≡ 3(𝑚𝑜𝑑 6) 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 0, 1 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 3, 4 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 2, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

 

Case 4:𝜂 ≡ 4(𝑚𝑜𝑑 6) 

𝜎(𝑥1) = 0.3 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 4, 5 𝑚𝑜𝑑 6  2 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 1, 2 𝑚𝑜𝑑 6  2 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 0, 3 𝑚𝑜𝑑 6  2 ≤ 𝜄 ≤ 𝜂 

 

The following table gives the number of vertices and edges 

which are labelled with 𝑘 ∈ {
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}} 

Table 13: -𝐯𝛔(𝐢) for the vertex switching of a cycle 𝐂𝐧 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒗𝝈(𝟎.𝟏) 𝒗𝝈(𝟎.𝟐) 𝒗𝝈(𝟎.𝟑) 

𝜂 ≡ 0(𝑚𝑜𝑑 6) 𝑝

3
 

𝑝

3
 

𝑝

3
 

𝜂 ≡ 1(𝑚𝑜𝑑 6) 𝑝 − 1

3
 

𝑝 − 1

3
+ 1 

𝑝 − 1

3
 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 𝑝 + 1

3
 

𝑝 + 1

3
− 1 

𝑝 + 1

3
 

𝜂 ≡ 3(𝑚𝑜𝑑 6) 𝑝

3
 

𝑝

3
 

𝑝

3
 

𝜂 ≡ 4(𝑚𝑜𝑑 6) 𝑝 − 1

3
 

𝑝 − 1

3
 

𝑝 − 1

3
+ 1 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 𝑝 + 1

3
 

𝑝 + 1

3
− 1 

𝑝 + 1

3
 

Table 14: -𝒆𝝁(𝒊) for the vertex switching of a cycle 𝑪𝒏 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒆𝝁(𝟎.𝟏) 𝒆𝝁(𝟎.𝟐) 𝒆𝝁(𝟎.𝟑) 

𝜂 ≡ 0(𝑚𝑜𝑑 6) 𝑞 − 1

3
 

𝑞 − 1

3
 

𝑞 − 1

3
+ 1 

𝜂 ≡ 1(𝑚𝑜𝑑 6) 𝑞

3
 

𝑞

3
 

𝑞

3
 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 𝑞 + 1

3
− 1 

𝑞 + 1

3
 

𝑞 + 1

3
 

𝜂 ≡ 3(𝑚𝑜𝑑 6) 𝑞 − 1

3
 

𝑞 − 1

3
+ 1 

𝑞 − 1

3
 

𝜂 ≡ 4(𝑚𝑜𝑑 6) 𝑞

3
 

𝑞

3
 

𝑞

3
 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 𝑞 + 1

3
 

𝑞 + 1

3
− 1 

𝑞 + 1

3
 

From the above table 13 and 14 , we can easily find that the 

conditions of fuzzy quotient - 3 cordial labeling, i.e.,  |𝑣𝜎 (𝑖) −

𝑣𝜎 (𝑗)| ≤ 1 and |𝑒𝜇 (𝑖) − 𝑒𝜇 (𝑗)| ≤ 1 for 𝑖 ≠ 𝑗, where 𝑖, 𝑗 ∈

{
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}} is satisfied. Hence the vertex switching of 

cycle 𝐶𝑛admits fuzzy quotient - 3 cordial labeling. 

Theorem 3.8 The joint sum of two copies of cycle 𝐶𝜂  admits 

fuzzy quotient-3 cordial labeling. 

Proof: 

Let we denote the vertices of first copy of 𝐶𝜂  by 𝑥 𝜄 : 1 ≤  𝜄 ≤ 𝜂 

and vertices of second copy by 𝑥 𝜂+𝜄 : 1 ≤  𝜄 ≤ 𝜂 and 𝐺 be the 

resultant graph obtained by joing the two copies of 𝐶𝜂  with a 

new edge 𝑥1𝑥𝜂+1 . 

 Then vertex set 𝑉(𝐺) = {𝑥𝜄 : 1 ≤ 𝜄 ≤ 2𝜂} and 𝐸(𝐺) =

{𝑥𝜄𝑥𝜄+1: 1 ≤ 𝜄 ≤ 𝜂 − 1} ∪ {𝑥1𝑥𝜂} ∪ {𝑥1𝑥𝜂+1} ∪ {𝑥𝜄𝑥𝜄+1: 𝜂 +

1 ≤ 𝜄 ≤ 2𝜂 − 1} ∪ {𝑥𝜂+1𝑥2𝜂}. 

𝑝 = 2𝜂 and 𝑞 = 2𝜂 + 1. 

To define 𝜎: 𝑉(𝐺) → [0,1] the following cases are to be 

considered. 

 

Case 1:𝜂 ≡ 0,2,3,5(𝑚𝑜𝑑 6) 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 1, 2 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 2𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 4, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 2𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 0, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 2𝜂 

 

Case 2:𝜂 ≡ 1(𝑚𝑜𝑑 6) 

𝜎 𝑥𝜄 = 0.1 𝜄 ≡ 4, 5 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.2 𝜄 ≡ 1, 2 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎 𝑥𝜄 = 0.3 𝜄 ≡ 0, 3 𝑚𝑜𝑑 6  1 ≤ 𝜄 ≤ 𝜂 

𝜎(𝑥𝜂+1) = 0.1, 𝜎(𝑥𝜂+2) = 0.1, 𝜎(𝑥𝜂+3) = 0.2, 𝜎(𝑥𝜂+4) =

0.3 

𝜎 𝑥𝜂+𝑖 = 0.1 𝜄 ≡ 2, 3 𝑚𝑜𝑑 6  5 ≤ 𝜄 ≤ 2𝜂 

𝜎 𝑥𝜂+𝑖 = 0.2 𝜄 ≡ 0, 5 𝑚𝑜𝑑 6  5 ≤ 𝜄 ≤ 2𝜂 

𝜎 𝑥𝜂+𝑖 = 0.3 𝜄 ≡ 1, 4 𝑚𝑜𝑑 6  5 ≤ 𝜄 ≤ 2𝜂 

 

Case 3:𝜂 ≡ 4(𝑚𝑜𝑑 6) 

The labeling of 𝑥𝑖  , 𝑥𝜂+𝑖  for 1 ≤ 𝑖 ≤ 𝜂 − 1 is same as in Case 

1 and 𝜎(𝑥𝜂) = 0.3, 𝜎(𝑥2𝜂) = 0.2 

The following table gives the number of vertices and edges 

which are labelled with 𝑘 ∈ {
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}} 

Table 15: - 𝒗𝝈(𝒊) for the joint sum of two copies of cycle 𝑪𝒏 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒗𝝈(𝟎.𝟏) 𝒗𝝈(𝟎.𝟐) 𝒗𝝈(𝟎.𝟑) 

𝜂 ≡ 0(𝑚𝑜𝑑 6) 𝑝

3
 

𝑝

3
 

𝑝

3
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𝜂 ≡ 1(𝑚𝑜𝑑 6) 𝑝 + 1

3
− 1 

𝑝 + 1

3
 

𝑝 + 1

3
 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 𝑝 − 1

3
+ 1 

𝑝 − 1

3
 

𝑝 − 1

3
 

𝜂 ≡ 3(𝑚𝑜𝑑 6) 𝑝

3
 

𝑝

3
 

𝑝

3
 

𝜂 ≡ 4(𝑚𝑜𝑑 6) 𝑝 + 1

3
 

𝑝 + 1

3
− 1 

𝑝 + 1

3
 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 𝑝 − 1

3
+ 1 

𝑝 − 1

3
 

𝑝 − 1

3
 

Table 16 - 𝒆𝝁(𝒊) for the joint sum of two copies of cycle 𝑪𝒏 

𝑵𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝜼 𝒆𝝁(𝟎.𝟏) 𝒆𝝁(𝟎.𝟐) 𝒆𝝁(𝟎.𝟑) 

𝜂 ≡ 0(𝑚𝑜𝑑 6) 𝑞 − 1

3
 

𝑞 − 1

3
 

𝑞 − 1

3
+ 1 

𝜂 ≡ 1(𝑚𝑜𝑑 6) 𝑞

3
 

𝑞

3
 

𝑞

3
 

𝜂 ≡ 2(𝑚𝑜𝑑 6) 𝑞 + 1

3
− 1 

𝑞 + 1

3
 

𝑞 + 1

3
 

𝜂 ≡ 3(𝑚𝑜𝑑 6) 𝑞 − 1

3
 

𝑞 − 1

3
 

𝑞 − 1

3
+ 1 

𝜂 ≡ 4(𝑚𝑜𝑑 6) 𝑞

3
 

𝑞

3
 

𝑞

3
 

𝜂 ≡ 5(𝑚𝑜𝑑 6) 𝑞 + 1

3
 

𝑞 + 1

3
− 1 

𝑞 + 1

3
 

From the above table 15 and 16 , we can easily find that the 

conditions of fuzzy quotient - 3 cordial labeling, i.e.,  |𝑣𝜎 (𝑖) −

𝑣𝜎 (𝑗)| ≤ 1 and |𝑒𝜇 (𝑖) − 𝑒𝜇 (𝑗)| ≤ 1 for 𝑖 ≠ 𝑗, where 𝑖, 𝑗 ∈

{
𝑟

10
, 𝑟 ∈ 𝑍4 − {0}} is satisfied. Hence the joint sum of two 

copies of cycle 𝐶𝑛admits fuzzy quotient - 3 cordial labeling. 

IV. CONCLUSION 

Graph labeling is an interesting concept in graph theory. 

It becomes a significant branch of interdisciplinary research 

between mathematics and other sciences. Since all the graphs 

does not admit the fuzzy qoutient-3 cordial labeling, it creates 

more interest to investigate the graphs of different families. In 

this work we have discussed and established the existence of 

fuzzy qoutient-3 cordial labeling in the context of some graph 

operations on cycle graph. Investigating this labeling concept 

on other families of graphs will be our future. 
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