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[47]. One of the most prominent statements in the field of metric fixed-point is this theorem. A comprehensive overview of
the Suzuki contraction theorem's developments over the past 15 years is covered in this study. This paper offers an
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I. Introduction

For the sake of conciseness, we adhere to the following functions throughout the paper.

(i) A function p that is non-increasing from [0, 1) to G 1] is defined as

jlifosa <-(V5-1),
w(a) =

1-=a ., 1 1
a—zlf 5(\/§—1)Saﬁﬁ,
1 . 1
mlf \/—ESa<1.

(if) A function & that is non-increasing from [0, 1) to G 1] is defined as

1 if0<a<
o(a) = 1.1

H(a) = 2
1—a if

7

N
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(v) A function y that is non-increasing from [0, 1) to (0, 1] isdefined as
1 if0<a<s
wa) = 1
1- if-<a<1

(vi) A function Q that is strictly decreasing from [0, 1) to (% l]is defined as

1
.Q(d) = m

Symbols utilized:

LM
(£imy)
CL(Y

CB(9
3

v
€

Subsets of Zwhich are Non-empty

Metric space

Collection of subsets of £which are closed and non-empty
Collection of subsets of £which are closed, bounded and non-empty
There exists

For all

Belongs to

Abbreviations and Acronyms:

FP
CdFP
BCP
MS
CMS
CoMS
CP
CdcCP
CFP
CdCFP
CS
ITC

Fixed Point

Coupled Fixed Point

Banach Contraction Principle
Metric space

Complete Metric Space
Compact Metric Space
Coincidence Point

Coupled Coincidence Point
Common Fixed Point
Coupled Common Fixed Point
Complete subspace
IT-commuting
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There arises a situation where the solutions of the system of equations cannot be directly traversed frequently. As a result, a
reasonable query that "Is there a solution for the given system of equations?"

After being addressed, the question "How many different solutions exist for the given system of equations?" is posed.

This motivates them to do a more thorough advanced research study, which is an essential precondition for researchers to
delve thoroughly into the idea of fixed points. By employing suitable methods, the system of equations can be reformulated as the
computation of fixed points or common fixed points of self-mapping(s) specified over a suitable space L.

Analytically, fixed point of a self-mapping O defined on an appropriate set or space signifies the intersection of the curve e=
Od with the line e=d. In an alternative approach, a solution to the equation Od = dcan be used to define a FP of the mapping Oi.e.
remains invariant under the mapping O. There are numerous applications for the theory of fixed points in many different fields.
There are many formulations in fixed point theory by various authors; one of them is BCP which was introduced by S. Banach [6]
in 1922 as follows:

Theorem 1.1 [6]. Let (£, m,) be a CMS and let :£— £be such that for each d, e€ £,

ms(O0d, Oe) < amy(d, €), where a€ [0, 1).

Then O has a unique FPrin £ Moreover, for an arbitrary pointd, € £, O"d, - r.
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It's interesting to note that, in a contraction mapping, the distance between each pair of images contracts (shrines) relative to
the element's distance.

BCP has become a standard tool in nonlinear analysis due to its ease of use and simplicity. It's one of the most well-known
fixed point theory concepts, and many mathematicians, scientists, and economists have expanded, generalized, and united it for
both single-valued and multivalued maps under various contractive conditions in different spaces. (see, for instance, [9], [10-16],
[18], [19], [20-25], [26-27], [30-31], [37-38] and [40]-[50]).

To obtain a basic comparison of different contractive conditions for one and two mappings, look up Rhoades [39].
A selfmap O of £ is strictly contractive if
my(Od, Oe) <my(d, €) (1.1)
foralld,ees, d £e.

It is not necessary for a map O satisfying (1.1) to have a fixed point on aCMS. In fact, Edelstein [16] demonstrated that O
satisfying (1.1) has a unique FP on a compact metric. Indeed, Edelstain’s theorem can be restated under the following invention:

Theorem 1.2 [16] Let (£, ms) be a CoMS and O: £ — £a strict contractive map. Then O admit a unique FP in £

We observe that iterations of O that satisfy (1.1) do not necessarily converge, and if they do, it will be to a FP. Furthermore,
O satisfying (1.1) does not necessarily have to have a FP in a CMS. Thus, the need for compactness is essential. For example, let £
=[1, ©O0) and 0:£— £Lwith 0d = d+ 1/d. Then |0d — Oe| < |d — e|hold for all distinct d, e in £ Evidently, & has no FP.

Given that BCP generates fixed points for continuous self-mappings, a general question is, "Is it possible to produce fixed
points for mappings subjected to contraction without being continuous on the entire domain?" Certain affirmative replications can
be found as we read through the literature.

By adopting an entirely different condition, Kannan [21] proved a FP theorem for operators, which need not be contractions.
Actually, the FP theorem for a discontinuous map was first put forth by Kannan. The FP theorem that follows, also known as the
Kannan contraction theorem (KCP), was in fact demonstrated by Kannan [21].

Theorem 1.3 Let £be a CMS and let 0:£— £ Assume there exists a€ [0, 1/2) such that for each d, e€ £
ms(0d, O e) < amy(d, Od) +am(e, O e).

Then O has a unique FP in £

Kannan’s theorem motivated numerous extensions and generalizations of the BCP and KCP.

Another intriguing result, known as the Meir-Keeler contraction, was compiled in 1969 under stringent contraction
conditions by Meir and Keeler [29] (see also, [3], [33-36]) and is provided below:

Theorem 1.4 A self-map O of a CMS (£, m,) fulfilling the requirement:
foragiven e > 0,3ad > Osuch that for everyd,e € L,

e < my(d,e) < € + §implies my(0d, Oe) < ¢,
has a unique FP.

In 1941, Kakutani began researching FP problems for multivalued maps in finite dimensional spaces. Bohnenblust and Karlin
extended it to an infinite dimensional Banach space in 1950, and Ky Fan extended it to a locally convex space in 1952 (see [49]).
Nadler Jr. [31] (see also [32]) in 1969, introduced the concept of multivalued contraction mappings motivated by the BCT.

Let (£, ms) be a MS. Consistent with Nadler, Jr. [32, p. 620], take Hausdorff metric, as
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H(A, B) = max {sup ms(d, B), sup ms(e,A)},
deA e€EB

For A, BeCB(£) and my(d, B) :igg my(d, e).

Nadler [31] provided the following result, which is the multivalued version of Theorem 1.1 and can be referred to as the
Nadler FP theorem.

Theorem 1.5 Let £be a CMS and let 0: £—CB(£). Assume 3 € [0, 1) such that for each d, ee£
AH(0d, Oe) < amy(d, e).
Then there exists ze £such that r€0zr.

Later on Nadler Jr. replaced the condition “0: £—CB(£)” in Theorem 1.6 by “0: £—CL(£)” (see [32] for details).Nadler
multivalued contraction theorem received a lot of attention in applicable mathematics, especially in solving inclusions and
multivalued differential & functional equations, and was extended and generalized on various settings.

The result was expanded to multivalued contractions by Ciri¢ [8]. A map O: £—CL(Z) is generalized contraction iff there
exists 0 < g< 1 such that, for every d, e€e £,

H(0d, 0e) < amax{ms(e, 0e),my(d, €),ms(d, Od), [ms(d, Oe) + my(e, 0d)]/2}.

Till now, contractions consisting of the single self-mappings have been presented. In consideration of the readers' interest, we
will now present some significant findings, which include two self-mappings.CFP problems make up an important class in the
theory of FP. For the two "commuting mappings," Jungck [19] developed a noteworthy result in this regard.

K. Goebel (1968) and G.Jungck [19] (1976) examined the following condition for a pair of maps O, F: M—L, when M= £,
see [22, 29]):

my(0d,0e) < my(A, 72) (1.2)
forall d,e € M,q€e [0, 1), where A7 is arbitrary nonempty set and O(#2) is contained in

AM).

While some mathematicians were aware of the condition (1.2) prior to 1976 (refer to Kulshrestha [28]), Jungck [19] is
recognized for providing a constructive demonstration of the existence of a CFP of commuting maps X and F that satisfies (1.2)
along with a few more conditions. Truly, he demonstrated that:

Theorem 1.6 Let (£ mg) be a CMS and 0, F £—.£ with f(£) is superset of O(£) and (1.2) for alld,e € L If O and F are
commuting on £and Fis continuous, then 0 and # have a unique CFP.

Singh has, nevertheless, provided an enhanced version of Jungck's above theorem, which can be used in situations where a
contractive method is being used to solve a pair of equations. For two maps, the same is commonly referred to as the Jungck-
Singh contraction theorem.

The aforementioned theorems, the Kannan contraction theorem results, and condition (1.2) have all contributed to the
enormous expansion of FP theorems and their various applications. Nevertheless, the contractive or contractive conditions must
hold for every point b, ¢ in the domain in order for any of these FP theorems to apply. Thus, one should naturally anticipate the
day when this condition is significantly loosened without compromising the theorem's conclusions. This laid the groundwork for
fixed point theorems of the Suzuki type.
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11. Suzuki-Type Fixed Point Theorems for Single-Valued Contractions

This section presents the Suzuki contraction theorem and a few of the developments made to it during the last two and half
decades, including extensions and generalizations (see for instance, [1-2], [4-5], [7], [10-12], [14], [17], [20], [22-27], [30], [37-
38] and [40-49]).

The next theorem, which is referred to as the Suzuki contraction theorem, was obtained by Suzuki [47]. It characterizes the
metric completeness and is a new kind of generalization of BCP.

Theorem 2.1 [63]. Let £be a CMS and let 0: £— £ Assume Jae [0, 1) so that for all 5, €4
p(a) mg(d, 0d) <mg(d, e) implies my(Od, Oe) <amy(d, e).

Then O has a unique FP. Moreover, lim 0"d = rforany din £

X—00

The next illustration demonstrates how Theorem 2.1 is a broader elaboration of Theorem 1.1.
Example 2.1 [47].Consider metric space
L£={11,41),14,45), 55}
with the metric mg as mg[(dy, d,), (e1, €2)] = |dy — eq| + |dy — es].
Define a map Oon £by

(L dy)  ifd > d
0(dy, d) = { d,1) ifd, <d,

Then all of Theorem 2.1's hypotheses are satisfied by O, but not by Theorem 1.1.
Proof: We first note that

my(0d, Oe) < gms(d, e)if (d, e) #((4, 5), (5, 4)) and (e, d) #((4, 5), (5, 4)).
Now at (1, 1)
0(1, 1) = (1, 1). Note that the FP (1, 1) is unique.
Thus O satisfies the assumptions in Theorem 2.1.
But when d = (4, 5),e= (5, 4)

ms(0d, Oe)= 6,my(d, e)= 2.

Thus Odoes not satisfy the assumptions in Theorem 1.1 for any a€ [0, 1).
Remark: It is not necessary for the Suzuki contraction to be continuous.

Researchers have made numerous significant additions and generalizations over the years. As a result, there is a vast ocean of
research on this topic, a few drops of which are included in the current paper.

The Kannan version of the Suzuki contraction theorem was demonstrated in the following way by Kikkawa and Suzuki [25]
in 2008.

a

(1-a)

Theorem 2.3 Let £be a CMS and let 0: £— £ Let o E[O, %) and put a =
every d, ce4

€ [0, 1). Assume Jq€ [0, 1) in a way that for
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¢(a) my(d, Od) <m(d, €)

implies
my(0d, 0e) <amy(d, 0d) + ams(e, Oe).
Then O has a unique FP.

Remark: Since p(a) <¢ (a) for every a, so from a Kikkawa-Suzuki perspective, we can conclude that the Kannan version is
stronger. Moreover, they [25] have noted that the graphs of p and ¢ are quite similar.

The work of Kikkawa and Suzuki [25] was generalized in the following way by Mot and Petrusel [30] with their new
contraction type, the (o, B, y) Mot-Petrusel- Suzuki contraction:

Theorem 2.4 Let £be a CMS and let 0: £— £ If 3a, B, yeR, with a + B + y€ [0, 1)in a way that for every d, e€e £

1—
1

£ m(d, 0d) < my(d, )
implies

ms(0d, Oe) < amy(d, e) + fm(d, Od) + yms(e, Oe).
Then O admit a unique FP.

To try to make Theoreml1.6 more expansive, Kikkawa and Suzuki [25] provided the following result for a novel kind of
contraction known as generalized Kikkawa-Suzuki-Kannan-type contraction.

Theorem 2.5 Let :.£— £ with £a CMS. Assume Ja<[0, 1) such that for each d, e€e £
w(a) mg(d, 0d) <mgy(d, €)
implies
ms(0d, Oe) <amax{m(d, 0d), ms(e, Oe)}.
Then O has a unique FP.

By extending Theorem 2.5 by Kikkawa and Suzuki [25], Dhompongsa and Yingtaweesittikul [12] produced a more general
class of contraction mappings.

Theorem 2.6 Consider £to be a CMS and : £— £ Assume Ja<][0, 1) such that for each ¢d€ £,
u(a) my(d, 0d)<my(d, €)
implies
ms(0d, 0e) <amax{m(d, ), ms(d, 0d), ms(e, Oe)}.
Then O has a unique FP.

Kikkawa and Suzuki [26] provided another significant Suzuki type FP result under the topic of commuting maps in the
subsequent manner.

Theorem 2.7 Let £be a CMS,0: £ — £ and a continuous map F: £ — £ with F(£) is superset of O (£), and on £ both Fand
Oare commuting. Assume 3a€ [0, 1) such that for each d, e€£,

w(a) mg(fd, 0d) <m (A, #&) implies my(0d, Oe) <amy(Ad, 7&).
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Then 3a unique CFP of Fand 0.

Another result was provided for two contractive non-self-maps in 2011 by Singh and Mishra [42]. The following was
acquired by them:

Theorem 2.8 Let £be a MS and A7 an arbitrary non-empty set. Consider 7, O0: M— £ with

FAM) is superset of & (A), and O(AM) or A M) is CS of £ Assume Fa, S, ye [0, 1) with a + 28 +2y < 1,and for every d, ce £,

L (7, 0d) <my(A, 7)
implies
ms(0d, 0e) < amy(Ad, 7&) + £ [my(Ad, 0d) + my(Fe, 0e)] + y [ms(A, Oe) + my(Fe, 0d)].
Then Fand O have a CP, that is, there exists ze A7 such that fr= Or.

Further, if A7 = £ then Fand O have a CFP provided that #and O are ITC (just) at rand Oris FP of O.

By extending the previous result to the class of Ciri¢'s generalized contractions, O. Popescu [37] obtained the following for
two commuting maps in 2009.

Theorem 2.9 Let £be a CMS, 0: £— £and a continuous map F: £ — £ with F(£) is superset of (£), and on £, both Fand O
are commuting. Assume 3 € [0, 1) such that for each 5, € £,

1(a) my(Ad, Od) <my(7d, 72)

implies

m(Od, Oe)Samax{ms(de, Fe), my(Fd, 0d), my(Fe, Oe), mFL 00+ mFe, Od)}.

2

Then 3a unique CFP of Fand 0.
The subsequent outcome for a pair of maps is innovatively presented by Singh et al. [40].

Theorem 2.10 Let £be a CMS and let 7, 0: £— £ If Ja, B, 7, 6, 6 [0, 1) so that a+p + y+ 6 + 6 < land, with 5=y or 6= 6 so that

=L min{m(d, Jd), my(e , 0e)} <my(d, €)
implies
ms(Jd, Oe) < amy(d, e) + g ms(d, Jd) + y ms(e, Oe) + omg(d, Je) + Omq(e, Od),
for all d, ee£

Then Ja unique CFP of Jand 0.
I11. Fixed Point Results for Multi-Valued Contraction

Notably, the Suzuki contraction theorem, along with its extensions and generalizations examined in the preceding section,
results in fixed points for self-mappings. Therefore, the question "whether is it possible to produce fixed points for non-self-
mapping?" is asked in a general way. Researchers have always been more interested in studying mappings whose range is CL(£L)
or CB(£), which is what we study in this section, than in working on self-mapping. By Suzuki and Kikkawa [49], the first step in
this direction was proposed.
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This outcome, which is essentially a generalization of Theorem 2.1, was demonstrated for set-valued maps by Suzuki and
Kikkawa [49].

Theorem 3.1 Let O: £— CB(£) where (£, m;) be a CMS. Assume 3a€ [0, 1) such that for each d, ce£
&(a) mg(d, 0d) <mg(d, e) implies AZ{0d, Oe) <amy(d, e).
Then there exists z€.£such that €0
Assuming the following, Kikkawa and Suzuki [27] proved a slight modification of above theorem
Theorem 3.2 Let £be a CMS and let O0: £— CB(£). Assume Ja€ [0, 1) such that for each d, ee£
&(a) mg(d, 0d) <mg(d, e) implies AZ{0d, Oe) <amy(d, e).
Then 3r€.£such that €0
Singh and Mishra [43] further generalized Suzuki contraction theorem for set-valued maps in the subsequent manner.
Theorem 3.3 Let £be a CMS and : £—CB(£). Assume 3a€ [0, 1) such that for each d, ee£
Q(a) my(d, 0d) <my(d, e) implies AZ{0 5, Oe) <amy(d, e).
Then there exists z€.£such that r€0r.
Furthermore, the theorem above is extended in the following way by Singh and Mishra [37] using a new function Q.
Theorem 3.4 Let £be a CMS and let : £— CL(£). Assume 3 a€ [0, 1) such that for each d, £,
Q(a)my(d, 0d) <my(d, e) implies AZ{0d, Oe) <amy(d, €).
Then O has a FP.

Using a more generalized contraction, Mot and Petrusel [30] generalized Theorem 3.1 and used it to demonstrate the
subsequent intriguing outcome.

Theorem 3.5 Let £be a CMS and :£— CL (). If 3a, B, y€[0, 1) with o + 5+ y € [0, 1) andfor each d, ce£,

tf;y my(d, 0d) < my(d, e) implies 7% (0d, Oe) < a my(d, €) + fmy(d, Od) + ym(e, Oe).
Then O has a FP.
The following is how Damjanovi¢ and Dori¢ [11] used a novel kind of mapping condition to establish a new FP result.
Theorem 3.6 Let £be a CMS and let : £—CL (£).Assume 3€[0, 1) such that for each d, c€£,
1(a) my(d, 0d) <my(d, e) implies Z°(0d, 0e) <a max{ms(d, Od) , my(e, Oe)}.

Then O has a FP.

Under a small additional assumption, Dhompongsa and Yingtaweesittikul [12] presented the result for multivalued maps as
under.

Theorem 3.7 Let (£, mg)be a MS. After that, the following are identical:
(i) For each a€ [0, 1), let O: £— CL (£) be such that for every d,e € L,

u(a) my(d, 0d) < my(d, e) implies
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A (0d, Oe) <amax{ms(d, e), ms(d, Od), ms(e, Oe)}.

(i) £is complete.
If the function £—my(d, Od) is lower semi-continuous, then Ohas a fixed point.

A significant finding was developed by Pori¢ and Lazovi¢ [14] in 2011 by taking into consideration the following
contraction, one of the many generalizations of the Suzuki contraction theorem.

Theorem 3.8 Let £be a CMS and let :L—CB(L). Assume 3 € [0, 1) so that for each d,c € L,
x(a) my(d, 0d) <my(d, e)
implies

(0d, Oe) Samax{ms(d, 0d), mi(d, e), my(e, Oe), w}.

2

Then, O has a FP.

Additionally, Singh and Mishra [43] generalized Singh and Mishra's [37] Theorem 3.3 to obtain the following coincidence
theorem for a pair of single-valued and multivalued maps on any nonempty set using the idea of ITC maps.

Theorem 3.9 Let £be a MS and A7 an arbitrary non-empty set. Let 0: M—CL(L) and F M— L with F (M) is superset of
O(M), and O (M) or F (M) is CS of £ Assume Jae [0, 1) so that for all d, ec £,

Q(a) my(d, 0d) <my(Ad, #&) implies Z°(0d, Oe) < amy(A, 7&) .
Then Fand O have a CP, that is, there exists re A7 such that fr= Or.
Further, if A7 = £ then Fand O have a CFP provided that #and O are ITC (just) at zand Fris FP of #
From Singh and Mishra [42], we have the subsequent theorem.

Theorem 3.10 Let (£ m;) be a metric space and A7 an arbitrary non-empty set. Let O: #—CL(4£) and 72 M—L with F (M) is
superset of O(M), and O(M) or F (M) is CS of £ Assume Ja, B,y € [0,1) and a + 26 +2 y € [0, 1) so that for every d, ec £,

L (A, 0d) <my( 7, 7)
implies

F(0d, Oe) < amy(Ad, 7&) + £[ms(Ad, 0d) + m(7&, 0e)] + y [ms(Ad, Oe) + my(Fe, Od)].
Then Fand O have a CP, that is, there exists ze A7 such that fr= Or.
Further, Fand O are ITC (just) at zand Fris FP of 7 if A= £ then Fand O have a CFP.

Moreover, Theorem 2.7 and Theorem 3.1 was generalized in the following way by Singh and Mishra [41].

Theorem 3.11 Let (£ mg) be a MS and A7 an arbitrary non-empty set. Let 0: M—CL(£) and . M—.£L with F (M) is superset
of O(M), and O(M) or F (M) is CS of £ Assume Jae [0, 1) so that for every d, ce £

&(a) mg(A, 0d) <my(A, 7&)

implies

7(0d, 06) < amax{ms(}“d, Fe), my(Fd, 0d) + my(Fe, Oe) my(Fd, Oe)+m5(7-“e,0d)}.

2 ’ 2
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Then Fand O have a CP, that is, there exists r e M such that fr= Or.

Further, if A= £ then Fand O have a CFP provided that #and A are ITC (just) at rand Fris FP of 7
The greater generality of Theorem 3.11 in comparison to Theorem 3.9 can be seen in the example that follows.

Example 3.1 Let £= {1, 2, 3} with the usual metric and take Aand Fas

andFb =

2,3 ifx+ 3 {1 ifx # 1
3 ifx = 3 3 ifx = 1.

Obz{

Then O does not satisfy Theorem 2.10, Indeed, for 5=2, ¢=3,
my(2, 02) =0 < (1+ a) mg(2, 3) = (1+ a)
and this does not reflect
1= 702, 03) <amy(2, 3) = a.
And, verification reveals that the pair of maps 0, F fulfills every assumptions of Theorem 3.11 and hasa CPr= 1.
Furthermore, for a pair of maps, Kamal et al. [20] generalized Theorems 3.1 and 3.4 in the following way.
Theorem 3.12 Let £be a CMS and let J and :£—CL(£). Assume that 3a<[0, 1) so that for every d, ce £,

Q(a) min{my(d, Jd), ms(e, Oe)} <m(d, e) implies

ﬂ([]d, Oe) < amax{ms(d, 6), ms(d, Jd) + ms(e, Oe) ms(d, Je) + ms(e, Od)}.

2 ’ 2
Then 3an element re £such that re JrN Or.

Theorem 3.8 of Dori¢ and Lazovi¢ and Theorem 3.12 of Kamal et al. [20] are generalized in the following theorem, which is
attributed to Singh et al. [40].

Theorem 3.13 Let £be a CMS and let 7, 0: £—CL(£). Assume that Jae [0, 1) so that for every 5, ce £,
implies

7(Jd, 0e) < amax{my(d, ), m (d, ]d), mq(e, Og), LI LCEID)

Then 3an element re Lwith re JrN Or.

The generality of Theorem 3.13 is can be seen in the example given below.

Example 3.2 Consider £ = {(1, 1), (1, 4), (4, 1), (1,5), (5, 1), (4, 5), (5, 4)} be endowed with the metric msdefined by
ms[(dy, d), (e1, e2)] = Jdy—e/+ [di —e/

Let J and O be such that

(dy, 1) ifdy <dy

) (dy1) ifd; <d,
Jdy, dy) = { (1,1) ifd; >d,

andO(by, by) = {(1, dy,) ifdy>dy,

It is easily confirmed that, for the maps J and 0, all the hypotheses of Theorem 3.13 are satisfied.
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Using a multivalued and two single valued maps, Singh et al. [45] obtained the CP and CFP theorem for a class of Ciric-
Suzuki hybrid contraction in the manner that follows:

Theorem 3.14 LetO0: M— CL(4) and 7, ¢ : M— £ Asssume Ja€ [0,1) so that for all
d, e,

x(@)min{my(A, 0d), ms(g&, 0e)} <my(A, ¢&) implies

7(0d, 0¢) < amax{m.(Fd, Ge), my(Fd, 0d), my(Ge, O), 6%-0e)+miFe. 00}

2

If anyone of the following is a CS of £ O(M), AM), or giM),
then
(i) The pair of maps, (0, ) is nonempty; that is, 3a point €7 such that #re0r.
(ii) The pair of maps, (0, ¢) is nonempty; that is, 3a point n,€ A7 such that ¢rn €0 . Further if, A7=<, then
(iii) If the maps#and O are ITC just at CP rand Fris FP of # then Aand O have a CFP.
(iv) If the mapsg andO are ITC just at CP r; and gr is FP of &, thengand Ohave a CFP.
(v) As long as (iii) and (iv) are true, the maps O, F, and G have a CFP.
The following novel result was obtained by R.K. Bose [7]:

Theorem 3.15 Let £be a CMS and let J, O: £— CB(£). Assume 3a, f3, 3, J, O [0, 1) with o + S + y+ 6 + 6 < 1and, with f =y or
0 = 6 so that

wmin{my(d, Jd), ms(e, Oe)} <my(d, e) implies

H(Jd, Oe) <amy(d, e) + f my(d, Jd) + y my(e, Oe) + omy(d, Je) + 0 my(e, Od)

1—a-y _ 1--6

for all d, ce £, andw1 = 1716 48° 9 = m

and w= min{w, ,w> }.

Then Jan element re £so that re JrN Or.
The following result for two multivalued maps and a single valued map is due to Singh et al. [44].
Theorem 3.16 Let J, O: #— CL(4) and let 7, ¢': M— L. Assume Ta€e [0,1)so that for all

d, €N,

x(@)min{my(A, Jd), mg(ge, 0e)} <my (A, ge) implies

#(3d, 0e) < amax{m, (Fd, Ge), mq (Fd, ]d), m, (Ge, Og), =222 00},

If anyone of the following is a CS of £:0(M), F (M), or & (M),
then
(i) The pair of maps, (J, ) is nonempty; that is, 3a point re A7 such that #reJr.
(ii) The pair of maps, (0, &) is nonempty; that is, Ja point €7 such that ¢n e Ar. Further if, A7°=£, then

(iii) If the maps J and Fare ITC just at CP rand Fris FP of 7 then J and Fadmit a CFP.
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(iv) If the maps O and g are ITC just at CP n and g7 is FP of &, ThenO and gadmit a CFP.

(v) As long as (iii) and (iv) are true, then J, O, # and ¢ have a CFP.

In 2013, Rao et al. [38] introduced a new contraction and proved a common coupled fixed point as follows:
Theorem 3.17 Let: £x£4—Land F. £—.Lwith A% LS A L) and 1(£) is complete. If 3a€ [0, 1) so that
Q(aymy(A, (d, e)) < max{ms(A, Fp), ms(Fe, Fg) , ms(A, O(d, €)), ms(F&, O(e, d))} implies

my((d, &), O(p, 9)) < amax{m(A, 7p), m(72, 7g) , my(7d, O(d, e)), my(7e, O, d)) , my(Fp, O(p, 9)), M(Fg, O(g, p)), M(Fp,
0(d, &), my(Fg, O(e, d))},

forall d, e, p, €L
Then O and Fhave a unique CdCFP provided that O and #are w-compatible.
IV. Fixed Point Theorems for Contractive Maps

The classical FP theorem of Edelstein [16], that is, Theorem 1.2 (above) is generalized as follows by Suzuki [48].
Theorem 4.1 Let (£, m) be a CoMS and let O: £ — Lsuch that

%ms(d, 0d) <my(d, e) implies ms(Od, Oe) <my(d, e), forall d,¢ € L.
Then O has a unique FP.
Suzuki [47] also obtains a generalization of the Meir-Keeler FP theorem [29], viz. Theorem 1.4 (above).
Theorem 4.2 Let (£, ms) be a CMS and let :£— £ fulfilling the requirement:

foragiven e > 0,35 > 0 such that for everyb, ¢ € L,
(i) mi(d, €) <& + dand ;my(d, 0d) <my(d, e) implies my(0d, Oe) <&;
(i) %ms(d, 0d) <my(d, e) implies my(Od, Oe) <m(d, e).
Then O has a unique FPin L.
Kikkawa and Suzuki [26] obtained a novel result in this direction for a pair of maps that generalize Theorem 4.2 as follows.

Theorem 4.3 Let (£, m) be a CMS and let 7, 0: £— £with (£) < F(£) and Fis continuous:

Also, assume for a given &> 0, 30> 0 such that, for all 5, ce £
(i) mg(A, FB) <¢ +d and %ms(fd, od)<mg(Ad, #&) implies my(Od, Oe) <g;
(ii) %ms(fd, od)<my(Ad, #&) implies ms(Od, Oe) <my(Ad, F7&).

Then 3a unique CFP of Fand O provided both commute at every point of £
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V. Fixed Point Theorems for Interpolative Contraction Maps

The celebrated Kannan theorem was recently reexamined by taking the interpolation theory into consideration [23]. For a
metric space (£, d), the self-mapping :£— Lis said to be an Kannan type interpolative contraction (KTIC), if there are
scalarsA€[0,1) and k € (0, 1) such that

ms(0d, 00 < A[mg(d, Od)]*[ms(c, Oc)]} ™ for eachd, €X with d+0d.
The next concept of Hardy-Rogers interpolative type contraction was first presented by Karapiner et al. [24].

Theorem 5.1 Let (£, ms) be a CMS and the self-mapping 0: £— L. If 3constants A€[0,1) and x € (0, 1) so that
> my(d, 0d) <my(d, e) implies
w(d, )my(0d, Oe) < o[m(d, €) 1“[m(d, 0d)IF [my(e, 0e)]'™ 5 [my(d, 0e)+my(e, 0d)] 7 7)

for all d, ee AFix(0).

Then O has a FP in £if O is continuous, w-orbital admissible w(d,, Odg) >1 for some dy €£ andO 2 js continuous with w(d,
0d) > 1 where de Fix(0?)

Interpolative Kannan-Meir-Keeler type contraction (IKMKC) was first defined by Karapiner [22].
The self-mapping 0: £— Lis called an IKMKC if there are scalarsy €[0,1) so that

For every d, ee£ \Fix(0), Given &> 0, 36 > 0 such that e<[ms(d, 0d)]? [ms(e, 0e)]' #<e + ¢ implies my(0d, 0e)< &; and my(Od,
0e)<[my(d, 0d)]? [ms(e, 0e)]*F.

V1. Conclusion

The work presented in this paper projects an expository review of literature concerning the extensions and generalizations of
Suzuki contraction theorem. One common challenge faced by researchers is the deficiency of comprehensive literature covering
advancements of Suzuki contraction theorem. This paper progressively tackles this issue by providing a comprehensive resource
that provides deep insights into the sequel of its advancements. Present work saves the time of researchers to survey literature
from multiple sources.
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